We consider the numerical integration of the modified Camassa-Holm equation, which has been recently proposed by McLachlan and Zhang (2009) as a generalization of the prominent Camassa-Holm equation. We present nonlinear and linear finite difference schemes for the modified equation that preserve two invariants at a same time. We also show some numerical examples of the presented schemes, where it is found that certain solutions of the mCH can behave like solitons.
Introduction
In this paper, we consider the numerical integration of the "modified Camassa-Holm (mCH) equation" of the form:
where p is a positive integer and the subscript t (or x, respectively) denotes the differentiation with respect to time variable t (or x). This equation was derived by McLachlan and Zhang [1] as the Euler-Poincaré differential equation on the Bott-Virasoro group with respect to the H p metric. When p = 1, (1) reduces to the well-known CamassaHolm (CH) equation:
which describes shallow water waves. The CH has biHamiltonian structure, is completely-integrable, and has infinitely many conservation laws. Furthermore, it has an interesting feature that it allows strange singular solutions called "peakons" (peaked solitons); this is in sharp contrast to the classical smooth soliton equations such as the Korteweg-de Vries equation. In order to reveal the rich dynamics of the CH, many numerical studies have been carried out, including the following geometric integrators: invariant-preserving integrators [2] [3] [4] [5] [6] and multisymplectic integrators [7] . In contrast to this, the case p ≥ 2 has not yet been fully understood, both theoretically and numerically. Here we briefly review some known results on the case p = 2. Global existence of smooth solutions on the unit circle S and real line R were discussed in [1, 8] . The following two invariants have been found associated with the mCH (with p = 2):
It is still an open question whether or not there are other invariants, in particular if the mCH is completelyintegrable. The dynamics of the mCH, for example the possibility of soliton-like solutions, are not yet understood, except that in [1] an interesting phenomenon called "weak blow-up" was numerically suggested (but not mathematically confirmed). To the best of the authors' knowledge, so far no study has been carried out that mainly focuses on the numerical treatment of the mCH. Taking these backgrounds into account, the aim of the present paper is to show the following two points. First, we show that finite difference schemes preserving the invariants (3) simultaneously can be constructed. Next, using these geometric integrators, we numerically show that certain solutions can behave like solitons. This paper is intended to be a prompt report on these results, and the full detail will be presented in our future work [9] . This paper is organized as follows. In Section 2 the proposed conservative schemes are presented, and their properties are discussed. In Section 3 we show some numerical examples on the soliton-like solutions. Concluding remarks are given in Section 4.
We use the following notation. Noting the fact that physically u is the main variable which means the "wave velocity," we choose u as our main variable in the numerical computation. The discrete version is denoted by U
, where ∆x = L/N (N is the number of the spatial grids) and ∆t is the time mesh size.
We use the abbreviation U
We also write this as a vector:
⊤ . In the presentation of the schemes, we also use the discrete version of m, which is denoted by M (n) k . Throughout this paper, we limit ourselves to the unit circle case, i.e., we assume the periodic boundary condition, in accordance with numerical simulations. Naturally we assume the discrete periodic boundary condition:
We often use the standard central difference operators δ
2 , and the forward and backward difference operators δ
Conservative schemes
In this section, we present the finite difference schemes that preserve some discrete counterparts of the two invariants in (3) at a same time. The schemes can be easily found by extending the conservative schemes for the CH [5, 6 ] (see also [2] ); below we briefly show the outline. A key observation is that the mCH (1) can be formally written in the following Hamiltonian form:
where δH/δm is the variational derivative of H with respect to m. Although H is defined with u, it is an easy exercise to find δH/δm = u with m = (1−∂ x 2 ) 2 u in mind. From this, the conservation of H is obvious, if we note that the operator (m∂ x + ∂ x m) is skew-symmetric.
Remark 1 By the "operator" (m∂ x + ∂ x m), we promise that it applies to a function f in such a way that
, which is a standard convention in this research area. The same convention applies to the discrete versions.
Interestingly enough, the Hamiltonian form is formally the same as that of the CH (p = 1); in fact, the CH (2) can be rewritten as
with m = (1 − ∂ x 2 )u and δH/δm = u. In [5, 6] , (a variant of) "the discrete variational derivative method" [10] was applied to the Hamiltonian form (5) to find schemes preservingH. In view of this, one would naturally think that a similar approach can be taken also for (4), where only the concrete form of H and the relation between u and m are different; the answer is yes.
Due to the restriction of space, we omit the detail of the derivation, and only show the resulting schemes and related discrete invariants. Scheme 2 (A nonlinear scheme) We define the initial approximate solution by U
Obviously (6) corresponds to (4) . The scheme, as expressed in (6) , formally coincides with the nonlinear scheme for the CH in [5, 6] . However, the relation between U
is different (which means the overall scheme is different; note that, as mentioned earlier, the computation is carried out solely in the u (or U
serves as the discrete Hamiltonian for the scheme.
Theorem 3 (Conservation laws) Under the discrete periodic boundary condition, the numerical solution by Scheme 2 conserves the two invariants:
Proof We only show the outline of the proof. We first prove the first conservation law. Note that it is sufficient to prove
since under the discrete periodic boundary condition it obviously holds that
(This can be confirmed by the summation-by-parts formulas found in, for example, [10] .) Now we prove (8).
1 ∆t
Here we frequently used the discrete periodic boundary condition with various summation-by-parts formulas [10] . The last equality follows from the skew symmetry of δ
2 . Next we prove the second conservation law.
∆t
The first equality can be confirmed by (7) and summation-by-parts formulas (this requires some calculation, but we omit the detail). The third is from the skew-symmetry of
Since Scheme 2 is nonlinear, it requires expensive nonlinear solvers in each time step. As a remedy for this, we can construct a linear scheme. Again, this bases on the linearly implicit scheme in [5, 6, 11] . We only show the results.
Scheme 4 (A linearly implicit scheme) We define the initial approximate solution by
k . Note that since Scheme 4 is a multistep scheme, we need not only the initial value U (0) but also the starting value U (1) . If we adopt Scheme 2 for computing U (1) , we get the following conservation laws.
Theorem 5 (Conservation laws) Under the discrete periodic boundary condition, the numerical solution by Scheme 4 conserves the two invariants:
where
The proof is similar to the nonlinear case (omitted). Note that, in contrast to the nonlinear scheme case, the discrete Hamiltonian is now defined in a multi-step way. In general, multi-step scheme can be unstable; we observe the stability numerically in the next section.
Numerical examples with a solitonlike solution
In this section we show some numerical examples with the presented schemes, and point out that certain solutions of mCH can behave like solitons. All the computations were done in the computation environment: CPU Xeon(3.00GHz), 16GB memory, Linux OS. We used MATLAB (R2007b), where nonlinear equations were solved by "fsolve" with tolerance T olF un = 10
−10
and T olX = 10 −10 . First we confirm the discrete conservation laws in the proposed schemes. The parameters were set to t ∈ [0, 50], x ∈ [−15, 15], ∆x = 0.1, ∆t = 0.05, and the initial value was set to u(0, x) = sech 2 (0.3x). Fig. 1 shows the errors in the discrete invariants in Scheme 2 (the nonlinear scheme). It confirms that the scheme conserve both the two discrete invariants within the accuracy of the nonlinear solver (recall that the tolerance was set to 10 −10 ). Fig. 2 shows the errors in Scheme 4 (the linear scheme), which again well confirms the discrete conservation laws. Next, we seek for soliton-like solutions using the conservative schemes. In the CH (p = 1), the singular soliton solutions, the "peakons," can be obtained by formally setting m = cδ(x) (the Dirac delta function) where c is a generic constant. In view of the strong similarity between the CH and the mCH, a natural expectation would be that also in the mCH the delta function behaves as a soliton. By formally integrating the delta function, we obtain
(The argument here is on the whole real line R for the sake of mathematical brevity. In the following numerical experiments, the solution is truncated so that it fits in the periodic interval.) We tested this solution using the conservative schemes with the parameters: t ∈ [0, 100], x ∈ [−15, 15], ∆x = 0.05, ∆t = 0.025, and the initial value: u(0, x) = (1 + |x|)e −|x| . We found that both schemes stably captured the same behavior (note that this numerically supports the stability of the schemes, in particular, of Scheme 4). Fig. 3 shows the result of Scheme 4. We can see that the solution actually behaves like a soliton.
Next, in order to see if the solutions actually interact like solitons, we considered the initial value u(0, x) = (1+|x+5|)e −|x+5| +(1/2)(1+|x−5|)e −|x−5| . The parameters were set as follows: t ∈ [0, 100], x ∈ [−20, 20], ∆x = 0.1, ∆t = 0.1. The result is shown in Fig. 4 , which seems to support our view that the solution behaves like two solitons.
Concluding remarks
We presented two finite difference schemes for the mCH equation that preserve the two associated invariants. We considered a soliton-like solution for the mCH, and confirmed the soliton-like behavior numerically. As far as the authors understand, this is a new observation.
The discussion on the schemes -the scheme derivation and the establishment of discrete invariants-can be easily carried to the general case p ≥ 3. Moreover, it is possible to discuss some theoretical aspects of the schemes, for example, the (unique) existence of the numerical solutions. These discussions are left to [9] . We also plan to include more numerical results there.
Finally, as noted in the introduction, the study of the mCH has just started, and many open problems still remain. Does the mCH admit other invariants? Or more aggressively, is the mCH completely-integrable? As for the dynamical aspects, although in the present study we could find a soliton-like solution in analogy with the standard CH, it is not clear at all whether or not the entire dynamics can be understood in a similar way. The answer should be negative, at least partly, since it has been shown in [1] that the blow-up in the sense of "wavebreaking" should not occur in the mCH (p ≥ 2). Thus much more effort should be devoted in this topic, and there we believe that the presented conservative schemes serve as effective numerical tools. 
